The Invar effect in ferromagnetic Fe-Ni, Fe-Pt, and Fe-Pd alloys is investigated theoretically by means of a computationally efficient scheme. The procedure can be divided into two stages: study of magnetism and calculations of structural properties. In the first stage, an Ising model is considered and fractions of Fe moments which point up as a function of temperature are determined. In the second stage, density-functional theory calculations are performed to evaluate free energies of alloys in partially disordered local moment states as a function of lattice constant for various temperatures. Extensive tests of the scheme are carried out by comparing simulation results for thermal expansion coefficients of Fe1−xNix with x = 0.35, 0.4, . . . , 0.8, Fe0.72Pt0.28, and Fe0.68Pd0.32 with measurements. The scheme is found to perform well, at least qualitatively, throughout the whole spectrum of test compounds. For example, the significant reduction of the thermal expansion coefficient of Fe1−xNix as x decreases from 0.55 to 0.35 near room temperature, which was discovered by Guillaume, is reliably reproduced. As a result of the overall qualitative agreement between theory and experiment, it appears that the Invar effect in Fe-Ni alloys can be investigated within the same computational framework as Fe-Pt and Fe-Pd.
I. INTRODUCTION
Fe-based materials are used for various technological applications such as springs in watches, car bodies, magnetic cores, and heads of hard disk drives. Despite their ubiquity in everyday life, they exhibit intriguing phenomena that include, among others, high-temperature superconductivity in Fe pnictides 1 , Fermi-liquid breakdown in Fe-Nb alloys 2 , and the Invar effect in transition-metal alloys 3 . Discovered more than 100 years ago, Invar Febased materials display anomalously small thermal expansion coefficients over broad temperature ranges. FeNi alloys with a Ni concentration of about 35 at.% were the first to be found 4 . Subsequently, other Invar Fe-based materials were reported, some showing ferromagnetism (e.g., Fe 0.68 Pd 0. 32 5 ) and some antiferromagnetism (e.g., Fe 2 Ti 6 ). Despite the general consensus that the Invar effect in Fe-based ferromagnets occurs as a result of magnetism, the mechanism giving rise to the Invar phenomenon remains controversial. Two prominent questions raised by recent publications 7, 8 have yet to be answered before the Invar effect is fully understood: (i) Does the anomaly in Fe-Ni appear when changes in the magnitude of local magnetic moments with increasing temperature become anomalously large? (ii) Are the anomalies observed in Fe-Pt, Fe-Pd, and Fe-Ni governed by the same underlying physics?
Obviously, any unified theory of thermal expansion in Fe-based ferromagnets should capture the Invar effect in ferromagnetic disordered face-centered cubic (fcc) Fe-Ni, 18 (triangles). Inset: Concentration dependence of calculated Curie temperature (circles) and measured Curie temperature 18 which has been rescaled by the factor 1.23 (triangles). This figure illustrates step 1 of the numerical method which we have designed to investigate the Invar effect in ferromagnetic Fe-Ni, Fe-Pt, and Fe-Pd.
Fe-Pt, and Fe-Pd within a single framework. In principle, the linear thermal expansion coefficient of disordered fcc Fe 1−x A x with A=Ni, Pt, Pd at zero pressure can be derived from the Helmholtz free energy which depends explicitly on length and temperature. In reality, no applications of density-functional theory (DFT) to ab ini- tio calculations of finite-temperature free energies have been reported to date. One of the major issues in implementing this strategy is how to incorporate magnetism correctly within current approximations to the exchange and correlation functional 7, 9 . In a recent Letter 10 , the magnetic contribution to the fractional change in length as a function of temperature was studied theoretically for the case of disordered fcc FePt. As in our work, the disordered local moment (DLM) formalism [11] [12] [13] was used. However, unlike in our investigation, effects of lattice vibrations on structural quantities were neglected.
The rest of the paper is organized as follows. First, Sec. II introduces a scheme to study the temperature dependence of the linear thermal expansion coefficient of ferromagnetic disordered fcc Fe 1−x A x with A=Ni, Pt, Pd. A local-moment model is employed to examine magnetic properties; DFT-based calculations and the Debye-Grüneisen model 14, 15 provide complementary approaches for determining contributions to free energies. In Sec. III, the scheme is tested on alloys with different chemical compositions by comparing numerically calculated thermal expansion coefficients with experimental measurements. Finally, Sec. IV summarizes our findings. Our work points out the possibility to investigate the Invar effect in Fe-Ni, Fe-Pt, and Fe-Pd ferromagnets within the same computational framework.
II. COMPUTATIONAL METHODS
To study thermal expansion of Fe 1−x A x over a broad temperature interval, we proceed as follows:
1. We determine the five input parameters which are required for the 18 . Before implementing this fitting procedure, we rescale the experimental Curie temperature by a factor of 1.23, to reflect the fact that our mean-field solution overestimates the exact Curie temperature by approximately 23%
19 . 2. Using the above-determined exchange parameters and magnetic moment magnitudes, we solve the disordered Ising model on the fcc lattice in the mean-field approximation. The disorder is included by using a separate mean field for sites with a different nearest-neighbor coordination. For example, we allow the mean field to be different on Fe sites with 9 Fe and 3 Ni nearest neighbors than on Fe sites with 10 Fe and 2 Ni nearest neighbors. Thus there are in total 26 mean fields, which are determined by a numerical solution of the appropriate selfconsistency equations. From our solution, we calculate the average fraction of Fe moments with n Fe nearest neighbors whose local moments are oriented in the 'up' direction.
3. We estimate the fraction of Fe moments which point up, x Fe↑ (T ), using the results obtained from step 2.
4. We perform DFT calculations of the total energy of Expt. 24 . Integration in the irreducible wedge of the Brillouin zone is carried out over several thousands of k-points generated according to the Monkhorst-Pack scheme 25 . 5. We fit the results of step 4 with a Morse function. The parameters of the fit give the equilibrium lattice constant, a 0 x Fe↑ (T ) , the bulk modulus, B 0 x Fe↑ (T ) , and the Grüneisen constant, γ 0 x Fe↑ (T ) .
6. For each lattice constant chosen in step 4, we add to the total energy E x Fe↑ (T ), a a vibrational free energy contribution to the Helmholtz free energy, F vib (T, x Fe↑ (T ), a). The latter is estimated within the Debye-Grüneisen model from the outputs of step 5, a 0 x Fe↑ (T ) , B 0 x Fe↑ (T ) , and γ 0 x Fe↑ (T ) . The sum of the two terms mentioned above can be written as
where
7. We minimize the contribution to the Helmholtz free energy (1) with respect to a to obtain the equilibrium lattice spacing a T, x Fe↑ (T ) .
8. We repeat steps 2 to 7 with different temperatures. Subsequently, we apply a cubic-spline interpolation procedure.
9. We evaluate the thermal expansion coefficient
for the dense set of data from step 8.
III. RESULTS AND ANALYSIS
According to experiments, ferromagnetic Fe 1−x Ni x with x = 0. 35 Fig. 5 marks the calculated equilibrium lattice parameter a T, x Fe↑ (T ) for T = 0, 100, . . . , 1100 K. The thick black solid line results from applying a cubic-spline interpolation scheme to a data set which is almost twice as large as the number of black filled circles. From this curve, we obtain thermal expansion coefficients [see Fig. 7(a) ].
neighbors which point up are presented in Fig. 2 for n = 0, 1, . . . , 12; calculated fractions of Fe moments which point up are plotted against temperature in Fig. 3 13, 15 , and 22% at the reduced temperature T /T C = 0.75. The fraction of Fe moments which point up in the Fe-Ni al-loy is therefore predicted to significantly underestimate that of the Fe-Pt and Fe-Pd alloys not only at zero temperature but also near the Curie temperature. Analysis of Fig. 2 provides insight into how up-and downmoments are distributed among Fe sites for various temperatures. In the Fe-Ni alloy at zero temperature, downmoments are found to reside exclusively on Fe sites with 11 and 12 Fe nearest neighbors. This picture is consistent with recent density-functional total-energy calculations performed within the local spin-density approximation (LSDA) at the experimental lattice spacing of 3.59Å
8 . Perhaps more surprisingly, Fig. 2 reveals that the distribution of up-moments on Fe sites for any reduced temperature in the range 0-0.75, more closely resembles a random distribution in the Fe-Pt alloy. Accordingly, we expect the methodology introduced in Sec. II to produce more accurate thermal expansion coefficients for Fe-Pt than for Fe-Ni.
In Fig. 4 , calculated total energy of Fe 0.65 Ni 0.35 in a collinear magnetic state E x Fe↑ (T ), a is plotted as a function of lattice constant for temperature intervals of 100 K. The estimated values for the equilibrium lattice constant a 0 x Fe↑ (T ) at zero temperature and above the Curie temperature are reported in Table I along with those of other compounds. The curves in Fig. 4 are analyzed in light of Fig. 3 : The equilibrium lattice constant a 0 x Fe↑ (T ) shifts continuously towards larger values with increasing the fraction of Fe moments which point up in the system. This confirms expectations based on Refs. 9 and 10. Actually, a behavior similar to that observed in Fe 0.65 Ni 0.35 is seen in each of the other systems investigated. To get a rough estimate of the effect in each alloy, we evaluate the ratio
The estimated values are displayed in Table I, In Fig. 5 , the total energy E x Fe↑ (T ), a is added to the vibrational free energy F vib (T, x Fe↑ (T ), a) and their sum F (T, x Fe↑ (T ), a) is plotted over a narrow range of lattice constants for several temperatures below and above the Curie temperature of 614 K. The positions of the minima in free-energy curves are marked by black filled circles. Results are reported in Fig. 6 . In accordance with experimental observations 34 , it is found that the equilibrium lattice constant in the range 0-T C clearly displays a deviation from the monotonically increasing behavior seen above the critical temperature.
While this paper focuses on thermal expansion, it is interesting to test whether our simulation properly models departures from Vegard's law for Fe-Ni alloys (see, e.g., Ref. 35) . Similarly to the Invar effect, characteristic negative deviations from linear behavior in the lattice constant at very low temperature still await for a complete understanding. As can be seen in Table I, The model performs well, at least at a qualitative level, throughout the whole spectrum of test compounds. Indeed, our observation that Fe 0.65 Ni 0.35 , Fe 0.72 Pt 0.28 , and Fe 0.68 Pd 0.32 all display anomalously small thermal expansion coefficients over broad temperature ranges (i.e., the Invar effect) perfectly matches experimental findings. In addition, the theory correctly predicts the overall trends in α versus T for Fe 0.72 Pt 0.28 and Fe 0.68 Pd 0.32 . Even the significant reduction of the thermal expansion coefficient of Fe 1−x Ni x as x decreases from 0.55 to 0.35 near room temperature, which was discovered by the Nobel prize winner Guillaume 38 , is reliably reproduced.
IV. CONCLUSION
To investigate theoretically the Invar effect in ferromagnetic disordered fcc Fe-A with A=Ni, Pt, Pd, a computationally efficient scheme inspired by previous work 10, 14 has been designed. The procedure can be divided into two stages: study of magnetism and calculations of structural properties. In the first stage, an Ising model is considered and fractions of Fe moments which point up as a function of temperature are determined. In the second stage, DFT calculations are performed to evaluate free energies of alloys in PDLM and DLM states as a function of lattice constant for various temperatures. It is worth emphasizing that neither noncollinear magnetism 39 28, 41 ), the scheme has been found to perform well, at least qualitatively, throughout the whole spectrum of test compounds.
As a result of the overall qualitative agreement between theory and experiment, it appears that the Invar effect in Fe-Ni can be investigated within the same computational framework as Fe-Pt and Fe-Pd. This represents significant progress compared to previous schemes that incorporate DFT calculations.
In addition, tests results provide evidence that the methodology captures the essential physics of the Invar effect. For this reason, the present work is currently being extended to achieve a better understanding of the physical mechanism behind the remarkable phenomenon 42 .
